We study the task of one-shot distillation in general quantum resource theories, providing a unified quantitative description of the maximal fidelity achievable in this task, and revealing similarities shared by broad classes of resources. We establish fundamental quantitative and qualitative limitations on resource distillation applicable to all convex resource theories. We show that every convex quantum resource theory admits a meaningful notion of a pure maximally resourceful state which maximizes several monotones of operational relevance and finds use in distillation. We endow the generalized robustness measure with an operational meaning as an exact quantifier of performance in distilling such maximal states in many classes of resources including bi-and multipartite entanglement, multi-level coherence, as well as the whole family of affine resource theories, which encompasses important examples such as asymmetry, coherence, and thermodynamics.
I. INTRODUCTION
Effective exploitation of the advantages provided by quantum phenomena is a central aim of quantum information processing. The necessity to use many different properties of physical systems as the resources fueling such advantages -examples being entanglement [1] , coherence [2] [3] [4] , asymmetry [5] , quantum thermodynamics (athermality) [6] , purity [7] , steering [8] , or magic [9, 10] -motivated the development of formal theoretical frameworks which can characterize the various phenomena, dubbed resource theories [11] [12] [13] . Using this formalism, it was realized that many important features of quantum resources are in fact very general and can be characterized in a unified manner [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , which not only eliminates the need for resource-specific approaches, but often also simplifies and extends the insight one can obtain on a per-resource basis. Understanding which properties of resource theories are indeed universal, and which properties require more tailored methods can help streamline the description of the variety of phenomena of relevance to quantum information.
One of the most fundamental operational problems within a resource theory is to understand how the resource can be manipulated using the free operations, that is, the quantum channels which are freely available in the physical setting of a given resource. Among these tasks, the problem of distillation stands out as one of the most important in the practical exploitation of resources. The task is concerned with transforming arbitrary states into the form of pure, maximally resourceful target states which can act as a "currency" in various protocols. First considered in the resource theory of entanglement [24, 25] , dis-tillation has since become a cornerstone of other resource theories such as magic-state quantum computation [26] and coherence [27, 28] . The problem with understanding distillation in general resource-theoretic settings is that a priori it is not clear whether a meaningful choice of a target state can always be defined, nor do we have general methods that can be applied to characterize this task in all resource theories. The recent work of Ref. [22] made progress in the description of distillation in a unified formalism, but the bounds obtained therein are not achievable in several important cases of interest -such as the resource theories of asymmetry, coherence, or thermodynamics -necessitating the development of a more general approach in order to encompass wider classes of resources and fully characterize them. Additionally, the previous results were concerned with the maximal rates of distillation rather than the precise characterization of the achievable performance; however, in the practically relevant one-shot setting, it is often crucial to understand how closely one can approximate a target state even if one cannot distill it perfectly.
In this work, we address the question of how to measure the performance of a state in one-shot resource distillation by characterizing the maximal achievable fidelity in this task. We establish a comprehensive set of tools applicable to broad classes of resource theories, not only recovering results known for many resources of interest such as entanglement, coherence, and thermodynamics, but also extending them to hitherto uncharacterized resources. We reveal quantitative and qualitative similarities shared between many resource theories, relying only on their underlying convex structure. In particular, we show that every convex resource theory admits a maximally resourceful state relevant to distillation, and characterize its distillability exactly in wide families of resources. Notably, we connect the distillation of such maximal states with the generalized robustness measure, an important resource quantifier. Finally, we extend the characterization of one-shot rates of distillation in Ref. [22] to include arXiv:1909.11677v1 [quant-ph] 25 Sep 2019 also resource theories which have not been considered in that setting.
II. RESOURCES AND THEIR MEASURES
We will use H to denote the space of self-adjoint operators acting on a d-dimensional Hilbert space, and D the subset of valid density operators. A, B
Tr(A † B) will denote the Hilbert-Schmidt inner product. For a pure state |ψ , we often use the shorthand ψ |ψ ψ|. A resource theory is typically defined as consisting of a set of free states F and a set of free operations O. In this work, we will be concerned with the largest meaningful class of free operations -resource nongenerating maps -defined to be all channels Λ which preserve the set of free states, in the sense that Λ(σ) ∈ F for any σ ∈ F . We will simply use O to refer to the set of such channels. By considering the largest choice of free maps, our results therefore establish the ultimate limits on the achievable performance of any class of free operations. As for the set F , we will make two intuitive assumptions: that the set F is convex, i.e. one cannot generate any resource by simply probabilistically mixing free states, and that it is closed, i.e. the limit of a sequence of free states must remain free. We refer to any resource theory satisfying the above assumptions as a convex resource theory. Note that one can certainly define a physical resource which does not admit a convex set of free states, but the assumption of convexity is natural in most settings and indeed the majority of physical theories of interest satisfy it [14] . When discussing the action of a quantum channel Λ : H in → H out , we will implicitly assume that the set of free states F is defined in both the input and the output space, and we will not distinguish between them when no ambiguity arises.
Many possible choices of quantifiers can be defined within a general resource theory [13, 17] . Out of these, we will make use of two measures based on entropic quantities [29] : the max-relative entropy D max (ρ σ) log inf λ ρ ≤ λσ , and the min-relative entropy D min (ρ σ) − log Π ρ , σ where Π ρ denotes the projection onto the support of ρ. One then often defines resource monotones by minimizing the two entropies over the set of free states [29, 30] . However, here we will mostly not be concerned with the rates of transformations, but rather the geometric features of the set F , which motivates us to define also the non-logarithmic versions of such measures:
Note that R max (ρ) and R min (ρ) will have a finite value for any ρ if and only if F contains a full-rank state. We remark that, for a pure state φ, the quantity R min simplifies to R −1 min (φ) max σ∈F φ, σ which is known as the support function of the set F [31] . The quantity R max (or, specifically, R max (·) − 1) is often referred to as the generalized robustness of a resource [32] , and can alternatively be expressed as
(2) We will also make heavy use of the dual form of the generalized robustness (see e.g. [17, 33] ),
where we use the notation F • X X, σ ≤ 1 ∀σ ∈ F to denote the so-called polar set of F . By constraining the state ω in the definition of the robustness (2) to be a free state, one can also define an alternative measure of the resourcefulness of a state called the the standard (free) robustness [32] :
Although our results will apply to general convex resource theories, the methods employed will often differ depending on the structure of the set F , delineating in particular two types of resources:
(i) full-dimensional resource theories, i.e. ones that satisfy span(F ) H, e.g. bi-and multipartite entanglement [1, 34] , magic [9, 26] , multi-level coherence [35] ;
(ii) reduced-dimensional resource theories, i.e. ones for which span(F ) H, e.g. asymmetry [5, 36] , coherence [3] , thermodynamics [6] , purity [7] .
Full-dimensional resources theories can be understood as those which have a non-empty interior relative to the set of all density matrices, while any reduced-dimensional theory forms a zero-measure subset of quantum states. The geometric properties are visualized in Fig. 1 . The crucial difference between the two cases is that any fulldimensional resource theory satisfies R s (ρ) < ∞ for all ρ, which is not the case in any reduced-dimensional theory.
A particular case of reduced-dimensional resource theories are affine resource theories, considered first in [15] . Recall that, given a set C, its affine hull aff(C) is the smallest affine subspace which contains C, alternatively defined as the set composed of all combinations i x i C i where C i ∈ C, x i ∈ R and i x i 1. A resource theory is then affine if F aff(F ) ∩ D. Indeed, most reduceddimensional resource theories of interest are in fact affine: these include for instance asymmetry, coherence, and thermodynamics.
III. FIDELITY OF GENERAL TRANSFORMATIONS
Resource distillation is a special case of a more general task, the purification of a resource state, in the sense that one is concerned with transforming an input state ρ D (black border). One can explicitly see that, for any state ρ, it is always possible to find a state σ ∈ F such that the convex combination of the two belongs to F . On the other hand, the structure of the set F -which, in this case, is simply a line segment -necessitates mixing ρ with another state ω F in order for their convex combination to belong to F , as it is not possible to take ω ∈ F . to some chosen resourceful pure state φ. To assess the performance of the resource non-generating operations O in such one-shot transformations, we will be interested in the maximal achievable fidelity with the target state φ, which for simplicity we will always refer to as the fidelity of distillation:
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Here, we limit ourselves to maps whose output dimension is equal to the dimension of φ in order for the inner product to be well defined. To characterize this quantity, we introduce the following:
where k ≥ 1. This can be compared with the dual form of the generalized robustness in Eq. (3), and indeed we will later reveal some similarities between the quantities. We now proceed to establish general bounds for the fidelity of distillation using the quantity G.
Theorem 1.
In any convex resource theory, it holds that
If further it holds that R s (φ) < ∞, then we have that
Proof. For any resource non-generating Λ, we have X ∈ F • ⇒ Λ † (X) ∈ F • . Noting that φ ∈ R −1 min (φ)F • by definition, combined with the fact that each Λ is CPTP, we have that Λ † (φ) ∈ W 0 ≤ W ≤ 1, W ∈ R −1 min (φ)F • , which gives the upper bound in (7) .
For the lower bound, consider the map Λ(X)
there exists a resource non-generating channel such that W Λ † (φ). The lower bound follows.
The above can be compared with the bounds in [22] , which instead of characterizing the fidelity of distillation focus on the one-shot rates for this task.
We will later see that the bounds are particularly useful in the description of transformations into a class of maximally resourceful states, and in particular that the upper and lower bounds coincide in many relevant cases, establishing a precise quantitative characterization of the fidelity of general transformations.
Let us explore an interesting immediate consequence of the general bound of Thm. 1.
Proposition 2.
Let ρ be any state such that the support of ρ contains a state σ ∈ F . Then, F O (ρ → φ) < 1 for any resourceful state φ.
In particular, exact one-shot distillation of any resource is impossible from a full-rank state ρ.
Proof. Suppose, towards a contradiction, that F O (ρ → φ) 1. By Thm. 1, this then implies that G(ρ; R min (φ)) 1 where R min (φ) > 1 since φ F . But ρ, W 1 under the constraint 0 ≤ W ≤ 1 can only hold when W has the form W Π ρ +G for some 0 ≤ G ≤ 1 such that supp(G) ⊆ ker(ρ), with Π ρ denoting the projection onto supp(ρ). Now, since there exists a state σ ∈ supp(ρ)∩F , this means that Π ρ , σ 1. But this then implies that there cannot exist W Π ρ +G such that W, σ ≤ R −1 min (φ) < 1 ∀σ ∈ F , which means that the feasible set for G(ρ; R min (φ)) is empty -a contradiction.
The above establishes fundamental limitations on exact state transformations, and in particular distillation, in all convex resource theories. The Proposition shows in particular that even a small admixture of full-rank noise will prevent a state from being distillable in a single-shot transformation, necessitating approximate distillation instead. This extends similar observations in the resource theories of entanglement [37, 38] and coherence [39] , and shows this property to follow only from the underlying convex structure of F .
We can furthermore show that the evaluation of G(ρ; k) can be simplified for a pure ρ in resource theories in which the set of free states F is defined as the convex hull of free pure states -including, for instance, the theories of entanglement, coherence, and magic. We discuss this in detail in Appendix B: .
A. Reduced-dimensional resource theories
One can notice that the lower bound in Thm. 1 relies on the fact that R s (φ) < ∞ which, as we discussed before, is only satisfied for all states in full-dimensional resource theories. Indeed, a similar problem concerns the characterization of rates of distillation in Ref. [22] , where lower bounds are obtained only for full-dimensional resources. To remedy this problem, we will now establish a description of distillation applicable also to reduced-dimensional resources.
To generalize the above considerations to resource theories for which dim span(F ) < dim H, let us define the affine polar set of F as
The reason why the set F • is relevant only in reduceddimensional resource theories is simply because for any full-dimensional F , the affine polar trivializes to F • {1}. Indeed, the smaller the dimension of span(F ), the larger the dimension of F • . We will later see additional motivations to consider the set F • in the context of reduced-dimensional and affine resource theories. We remark that our definition of F • is different from the affine dual set considered by Gour in [15] as we allow for non-positive operators in F • . Using the affine polar set, we then define
and use it to obtain the following bounds.
Theorem 3. For any state such that
Furthermore, for any state such that R max (φ) < ∞, we have
Let us remark about the property that φ ∈ R −1 min (φ)F • , that is, the overlap φ, σ is constant for all free states σ. One can always write aff(F ) {X} + L for some fixed operator X and linear subspace L, and any operator Z which belongs to the orthogonal complement of L clearly satisfies Z, σ Z, X which is constant for any σ ∈ F . Whether there exists a choice of a pure target state satisfying this condition is in general resource-dependent, and needs to be verified for the particular theory in consideration. We will return to this issue shortly.
Note, however, that the lower bound in Thm. 3 does not require that φ ∈ R −1 min (φ)F • and thus is valid in all resource theories, providing a non-trivial lower bound for all reduced-dimensional resources. Furthermore, we remark that the condition of Thm. 1 that R s (φ) < ∞ can also be satisfied in reduced-dimensional resource theories for the special case of states such that φ ∈ aff(F ) \ F .
We will now proceed to apply the bounds we established to the context of resource distillation.
IV. DISTILLATION IN GENERAL RESOURCE THEORIES
To talk about distillation of a resource, it is crucial to identify a target state that one wishes to distill, which is frequently assumed to be a "maximally resourceful" state or copies thereof. However, it is not obvious a priori whether such states can be identified in general resource theories. The concept of a golden state was considered in [22] , where it was shown that many resource theories admit a state which maximizes both R min and R max , making it useful in the characterization of operational tasks. Here, we extend this result and show that such states in fact exist in every single convex resource theory, not depending on any other properties of the set F . Theorem 4. In any convex resource theory, a state φ maximizes R max among all states of the given dimension if and only if it also maximizes R min . Furthermore, for any such state we have R min (φ) R max (φ).
We call such φ a golden state and denote it by φ gold .
In particular, the convexity of the measures R min and R max means that a pure-state maximizer φ gold exists in every convex resource theory. In many resource theories, golden states are used precisely as the target states for distillation, where the goal of this task can be rephrased as: what is the largest number of copies of a single-qubit golden state (the chosen "currency") that one can reach with a free operation? This is precisely how distillation is treated in resource theories such as entanglement or coherence. Alternatively, recalling that the dimension of the output space of a distillation protocol can in general be different from the input space, one can instead ask: what is the largest dimension of a golden state which is achievable with a free operation from the given input state? We will treat this question quantitatively in Sec. VI.
Let us remark important general consequences of Theorem 4. Firstly, in many relevant resource theories, it holds that R max (φ) R s (φ) for any pure state φ; this includes several fundamental examples such as the resource theory of bipartite entanglement [32, 40] , bipartite entanglement of Schmidt rank k [41] , the resource theory of negative partial transpose (see Appendix D: ), as well as multi-level quantum coherence [41] . In any such theory, for all golden states we have R min (φ gold ) R max (φ gold ) R s (φ gold ), and so the bounds in Thm. 1 coincide. In fact, this property can be satisfied also in theories for which it is not necessarily the case that R max (φ) R s (φ) for all pure states -in Appendix E: , we show that golden states in the resource theory of genuine multipartite entanglement satisfy R max (φ gold ) R s (φ gold ), allowing us to immediately apply Thm. 1 in this theory as well.
In all of the above cases, our result establish an exact characterization of the fidelity of distillation in terms of the quantity G.
Corollary 5.
In any resource theory such that R max (φ gold ) R s (φ gold ), it holds that
for any golden state φ gold .
Similarly, a general property of this kind holds in reduced-dimensional resource theories in which the target golden state has a constant overlap with the free states. Corollary 6. In any convex resource theory, it holds that
for any golden state φ gold such that
The condition that φ gold ∈ R −1 min (φ gold )F • will, in general, be theory-dependent. Although golden states in many theories of interest such as coherence or thermodynamics do indeed satisfy the above assumption (and in fact, for thermodynamics any pure state φ belongs to R −1 min (φ)F • due to the simple structure of F ), one can also construct counterexamples, and indeed we explicitly demonstrate in Appendix C: that the golden states in the theory of asymmetry do not obey the condition.
We further remark that the condition R max (φ) R min (φ) can be satisfied by a pure state φ which is not a golden state, as evidenced e.g. by the so-called Clifford magic states within the resource theory of magic [42] , constituting a whole class of pure states for which the two quantifiers are equal. Provided that the conditions of Cor. 5 or Cor. 6 are met within the given resource theory, the transformations of arbitrary states into such states can then be characterized exactly as the upper and lower bounds of Thm. 1 or 3 coincide.
Note also that for any golden state we can quantify exactly the relative entropy D(φ gold ) min σ∈F D(φ gold σ) as D(φ gold ) D max (φ gold ) D min (φ gold ) due to the fact that D(· ·) is upper and lower bounded by, respectively, D max and D min [29] .
Among all golden states, we will identify a family of states which admits a particularly simplified and insightful characterization -the maximal golden states, i.e. the golden states of largest dimension within the same space as the input state ρ.
V. MAXIMAL GOLDEN STATE DISTILLATION
Throughout this section, we use H in to explicitly denote the input space of the distillation protocol (or a space isomorphic thereto), i.e. ρ ∈ H in . Theorem 7. For any state φ in any convex resource theory,
Furthermore, let φ max ∈ H in be a state s.t. R s (φ max ) < ∞ which maximizes R s among all states in the input space. Then
In the particular case of resource theories such that the two robustness measures coincide, the bounds give an exact characterization of the distillation fidelity.
Corollary 8.
In any resource theory such that R max (φ) R s (φ) for all pure states, φ max is a golden state and thus it holds that
.
The robustness R max (ρ) therefore quantifies exactly the fidelity
This recovers results shown specifically for the case of bipartite entanglement theory [38] and extends them to more general classes of resources. Our results in App. E: show that this property is satisfied also for genuine multipartite entanglement. Importantly, in any such theory it provides another operational meaning to the generalized robustness R max (ρ), establishing it as an exact quantifier of the fidelity achievable in distilling the maximal state φ max . This complements other operational applications of this measure in different settings [19, 20, 22] .
Another interesting consequence of the Theorem is as follows.
Corollary 9. Consider the case when
R s (φ max ) and take any state ρ such that R s (ρ) R s (φ max ). Then, there exists maps
Proof. The existence of Λ 1 follows from the above Theorem, and the existence of Λ 2 from [22] .
The above can be understood as the fact that the state φ max is unique up to an application of a free operation. In particular, we can talk about the distillation of φ max without loss of generality: as long as one is concerned with the distillation of the maximal resource state, any such state can be interconverted with φ max for free. Although the conditions of Cor. 9 are satisfied in the resource theories that we mentioned previously -bipartite and genuine multipartite entanglement, negative partial transpose, and multi-level coherence -it is also known that there exist resource theories such that R max (φ max ) R s (φ max ), notably magic [17] and a weaker form of multipartite entanglement (non-full-separability) [43] , in which cases such interconversion might not be possible.
A. Reduced-dimensional and affine resources
In order to characterize distillation in reduceddimensional resource theories, we now introduce the affine robustness, defined as the robustness with respect to the affine hull aff(F ), i.e.
(19)
To derive the dual form of this measure in analogy to the dual form of the generalized robustness, it will be important to note the following relation. We provide a proof in the Appendix for completeness. Notice that each X ∈ aff(F ) necessarily has Tr X 1.
Taking the Lagrange dual and using Lemma 10, we can obtain
Furthermore, we can observe the following. 
For any state φ max ∈ H in which maximizes R max with
An important corollary of the upper bound in Thm. 7 combined with the lower bound in Thm. 12 is the following: Corollary 13. In any affine resource theory, we have
and so the robustness R max (ρ) R • max (ρ) quantifies exactly the fidelity of distillation F O (ρ → φ max ).
We stress that this is a powerful result that applies immediately to broad classes of resources, including asymmetry, athermality, purity, and coherence, and generalizes previous results shown specifically for coherence [28, 44] . The result requires no assumption about the maximal state φ max beyond the fact that it maximizes the robustness R max , and we know from Thm. 4 that such a state always exists and is a meaningful choice of a maximally resourceful state. Therefore, the above fully characterizes the distillation of such maximal resources in every affine resource theory.
Analogously as before, we also have the following.
Corollary 14.
Let F be an affine resource theory such that
VI. DISTILLATION YIELD
Finally, let us consider how to characterize the yield of distillation, that is, a quantitative description of how much resource can be distilled up to an error ε in the distillation fidelity. This will allow us to explicitly recover the results of [22] using our bounds from Sec. III, and extend them to the previously unconsidered case of reduced-dimensional resources. To this end, we will connect the quantities G and G • with a fundamental operational quantity known as the hypothesis testing relative entropy [45, 46] 
which can be understood as quantifying the error in distinguishing between ρ and σ in the problem of quantum hypothesis testing [46] [47] [48] , or alternatively as a suitably smoothed variant of the min-relative entropy D min (ρ σ) [45] . In order to establish this connection, we will use the following characterization of the hypothesis testing relative entropy minimized over a set of operators.
Lemma 15 ([38, Prop. 4] ). For any closed and convex set of Hermitian operators Q,
Crucially, with a simple change of variables λ → 1 k , the constraints on the right-hand side of Eq. (25) can be identified with the quantity G(ρ; k) that we introduced previously. This immediately tells us in particular that
Employing our bounds on the fidelity of distillation from Thm. 1, we then recover exactly the result of Thm. 5 of [22] as follows.
Conversely, if the resource theory is full-dimensional and
The above connects the distillation of general resources with the quantity D ε H . To adapt this approach to reduced-dimensional theories, we will extend the definition of the hypothesis testing relative entropy D ε H (ρ σ), in that we will allow the operator σ to be non-positive. In particular, recall from Lemma 10 that aff(F ) • F • , and consider Lemma 15 with the choice of Q aff(F ) to obtain
We can then use our bounds in Thm. 3 to get the following.
Conversely, if
This extends the results of [22] on the connection between the hypothesis testing relative entropy and resource distillation beyond full-dimensional resource theories. Curiously, one can then see that it becomes necessary to optimize D ε H over a set which goes beyond positive semidefinite operators. Although this makes it rather difficult to interpret D ε H in the context of hypothesis testing between two states, we have already seen such quantity applied successfully in several resource theories [28, 38, 49] , which motivates it as a meaningful notion worth further study.
We note that Cor. 17 exactly recovers several fundamental cases of interest in which the upper and lower bounds coincide for golden states φ gold , meaning that the maximal resource yield in the distillation of such states (as quantified by either D max or D min ) is precisely given by min X∈aff(F ) D ε H (ρ X). This includes one-shot distillation of coherence [28] and one-shot work extraction in the resource theory of quantum thermodynamics [22, 50, 51] . In particular, observe that in thermodynamics F {τ} is a single-element set consisting only of the Gibbs state τ and thus aff(F ) F , meaning that the characterization in the Corollary recovers exactly the fundamental role of the hypothesis testing relative entropy D ε H (ρ τ) in work extraction [50, 51] .
VII. DISCUSSION
We have established a comprehensive characterization of the achievable fidelity of distillation in general convex quantum resource theories. We have shown the fidelity to be upper and lower bounded by a family of optimization problems G(ρ; k), with the bounds becoming tight in the distillation of so-called golden states for many relevant quantum resources. In particular, we have shown every convex resource theory to admit a meaningful notion of such golden states. We then demonstrated that the distillation of maximally resourceful states is characterized by the generalized robustness measure in broad classes of resource theories including the whole class of affine resources, thus endowing this fundamental measure with a new and very general operational interpretation. Finally, we extended the quantitative characterization of one-shot rates of distillation in [22] to reduced-dimensional resource theories by a straightforward application of our fidelity bounds.
An interesting technical aspect of the work is that the quantum channels performing the transformation ρ → φ in all of our proofs are so-called measure-andprepare channels, which form a structurally simple, but operationally rather limited class of maps. In particular, it is known that most state transformations are not achievable by measure-and-prepare channels only [52] . Therefore, in all of the discussed cases where our bounds are tight, we can reach an intriguing conclusion: the distillation ρ → φ can be optimally performed with a (binary) measure-and-prepare transformation. The wide applicability of our bounds and exact results shows that measure-and-prepare channels can be a powerful tool for distillation in many cases. Put in another way, the difference between the corresponding quantifiers R min (φ) and R max (φ) (or R s (φ)) can be understood as quantifying how closely the given state φ can be reached by a measureand-prepare channel within the given resource theory, and indeed we have shown that the class of golden states in many theories allows for an exact distillation with such measure-and-prepare maps.
Our work extends the insights provided by several recent works which described the common structure and features shared by general resource theories [14] [15] [16] [17] [18] [19] [20] [21] [22] , unifies the approaches to one-shot distillation which have been previously applied to investigate specific resources [28, 38, 49, [53] [54] [55] , and contributes an important class of operational results which can be applied to wide families of relevant resource theories. Lemma 20. For any state ρ, R max (ρ) ≥ Tr(ρ 2 ) max σ∈F ρ, σ , and in particular R max (ψ) ≥ R min (ψ) for pure states.
The proof is obtained simply by choosing ρ/(max σ∈F ρ, σ ) as a feasible solution for the dual form of the robustness (3). Using the Lemma, we have that R min ( φ) ≤ M. On the other hand, we know that an optimal witness must have the form W M φ + G for some G ≥ 0, which gives φ, σ ≤ 1 M W, σ ≤ 1 M for any σ ∈ F since W ∈ F • . From this, we have that R min ( φ) ≥ M and so equality holds. Now, let ω be a maximizer of R min . By the joint convexity of D min (· ·) [29] and the fact that 2 x is a non-decreasing convex function, R min is convex [58] and so we can take ω ψ to be pure. If it were the case that R min (ψ) > R min ( φ), by Lemma 20 we would have that
which would contradict the assumption that φ maximizes R max . Therefore, φ maximizes R min as required. (⇐) A very similar argument holds for the converse statement. If we take φ to be a maximizer of R min among all states, then it also has to maximize R max ; were it not the case, and some other ψ maximized R max with R max (ψ) > R max ( φ), then from the above reasoning we would have that
which would contradict the assumption that φ maximizes R min .
Remark. Alternatively, we can say that a state φ maximizes R max if and only if it minimizes the free fidelity F max (ρ) max σ∈F F(ρ, σ); this follows since F max (φ) R min (φ) −1 and the minimizer of F max can always be taken to be pure since, by the joint concavity of F(·, ·) [59] , F max is a concave function [58] .
Theorem 7. For any state φ in any convex resource theory,
Furthermore, let φ max be a state which maximizes R s with R s (φ max ) < ∞. Then
Proof. For any resource non-generating and CPTP map Λ, we have that Λ † (φ) ≥ 0 and Λ † (φ) ∈ R −1 min (φ)F • , which means that Λ † (φ)R min (φ) is a feasible solution for the robustness R max , giving R max (ρ) ≥ R min (φ) Λ † (φ), ρ , from which the upper bound on F O (ρ → φ) follows.
For the other inequality, take δ ∈ F as the optimal state such that φ max + (R s (φ max ) − 1)δ ∈ R s (φ max )F , take W ≥ 0, W ∈ F • as the optimal operator such that R max (ρ) W, ρ , and define the map , and so by definition of the robustness R s and convexity of the set F it holds that Λ(σ) ∈ F . Λ is therefore a resource non-generating map, and we have
Lemma 10. For any closed and convex set F , F • aff(F ) • .
Proof. The inclusion F • ⊆ aff(F ) • is straightforward. For the other direction, consider that aff(F ) {X} + L where X is some fixed Hermitian operator and L is a linear space. Therefore, any Z ∈ aff(F ) • has to satisfy Z, L ≤ 1 − Z, X ∀L ∈ L.
(A11)
Since L ∈ L ⇒ µL ∈ L for any µ ∈ R, we have
which can be true only if Z, X 1 and Z ∈ L ⊥ . It follows that Z, X + L 1 for any L ∈ L, and so Z, F 1 ∀F ∈ aff(F ).
Theorem 12.
For any state such that φ ∈ R −1 min (φ)F • , we have
(A13)
For any state φ max which maximizes R max with R max (φ max ) < ∞, we have
(A14)
Proof. By assumption, φ ∈ R −1 min (φ)F • . For any resource non-generating and CPTP map Λ, we then have that Λ † (φ) ≥ 0 and Λ † (φ) ∈ R −1 min (φ)F • , which means that Λ † (φ)R min (φ) is a feasible solution for the affine robustness R • max , giving R • max (ρ) ≥ R min (φ) Λ † (φ), ρ , from which the upper bound on F O (ρ → φ) follows. For the other inequality, take δ as the optimal state such that φ max + (R max (φ max ) − 1)δ ∈ R max (φ max )F , take W ≥ 0, W ∈ F • as the optimal operator such that R • max (ρ) W, ρ , and define the map
Using the fact that W R max (φ max ) , ω ≤ R max (ω) R max (φ max ) ≤ 1 for any state ω as φ max maximizes R max by assumption, we have that W R max (φ max ) ≤ 1 and so Λ defines a valid CPTP map. Moreover, we have for any σ ∈ F that W R max (φ max ) , σ 1 R max (φ max ) , and so by definition of the robustness R max it holds that Λ(σ) ∈ F . Λ is therefore a resource non-generating map, and we have
(A16)
Appendix B: SIMPLIFICATION FOR PURE STATES
Consider the case when F conv |ψ ψ| |ψ ∈ V for some set V of free pure states. One can define the measure [17] γ(|ψ ) min
which quantifies the resource content of any pure state -e.g., in the resource theory of entanglement this is the sum of the Schmidt coefficients, and in the resource theory of magic this is the stabiliser extent. In particular, R max (ψ) γ(|ψ ) 2 for any pure state [17] . We then have the following.
where θ is an arbitrary angle, which gives a general golden state as |φ gold (θ) : 1 √ 3 (|00 + cos θ |01 + sin θ |10 + |11 ).
(A17)
One can explicitly check that this state has less overlap with the set of free states than the intuitively "most coherent" state |++ which has R min (|++ ++|) 2 < 3 R min (φ gold (θ)). It can be also immediately seen that these states do not have a constant overlap with all of the free states. We have thus shown the following. (A1)
Proof. Due to linearity of the inner product ·, · , for any pure state we have that
which, for the choice of φ gold , means that R (k )
and so all the quantities must be equal. Furthermore, it can be noticed that φ gold indeed maximizes R min -were it not the case and there existed some other maximizer φ , we would have
due to the fact that φ gold maximizes R (k ) min by assumption; this is a contradiction, so φ gold must maximize R min . The above simplifies in particular when considering a system consisting of n particles of the same dimension d, since the minimization of the golden states over bipartitions is no longer necessary. Specifically, using the fact that a maximally entangled state |Ψ +
|ii is a golden state in any bipartition, the result shows that the generalized GHZ state |GHZ
|i ⊗n is a golden state and satisfies R min (GHZ) R max (GHZ) R s (GHZ) d, so the one-shot distillation of GHZ states can be characterized exactly with our results. We remark that the same results hold for the theory of genuine multipartite negative partial transpose, that is, the natural extension of the theory of negative partial transpose to the case of genuine n-partite entanglement.
